In this paper we obtain Green's function for a regular Sturm-Liouville problem having the eigenparameter in all boundary conditions in which the left one is in quadratic form. We assume no smoothness condition on the potential.
Introduction
In this paper, we consider the boundary value problem [] in the sense that the eigenvalue parameter λ appears in both boundary conditions and in the first boundary condition is in quadratic form. We first derive asymptotic approximations for the eigenfunctions of the problem, and then using these approximations we obtain Green's function. One application of the Green's function is to derive sampling theorems associated with eigenvalue problems containing an eigenvalue parameter in the boundary condition [] .
-y (t) + q(t) -λ y(t)
We suppose without loss of generality that q has a mean value zero, i.e., As an illustration of our results we obtain for a
where η(λ) →  as λ → ∞. Similar results hold for a ≤ ξ ≤ κ ≤ b exchanging the role of κ and ξ . These types of results with different boundary conditions were obtained before in the case where q(t) is assumed to be continuous on a finite interval [, ]. In [], the Green's functions were derived asymptotically with the error term of exponential type, that is,
We use a similar approach as in [] in which the spectral functions associated with Sturm-Liouville problems were considered on [, ∞) with usual boundary condition not including the eigenparameter for q(t) ∈ L  [, ∞).
Method
We associate with (.) the Riccati equation
is a complex-valued solution of (.) and
then any nontrivial real-valued solution of (.) can be expressed as
Here, c  and c  are constants to be determined. We suppose that for each t ∈ [a, b] there exist
where
the existence of the A and η functions may be established, for λ positive as follows. We note that, avoiding the trivial case
So, if we define 
Substitution of (.) into (.) and rearrangement gives
We choose the v n so that
and for n = , , . . . ,
Solving for v n , n = , , , . . . ,
is uniformly absolutely convergent for all λ ≥ λ  and for all t ∈ [a, b]. It also follows from the choice of v n , n = , , , . . . , that
is therefore a solution of (.) and
The asymptotic forms of S(t, λ) and T(t, λ) are obtained in [] as follows:
and
The last two equalities are obtained in [].
Approximations for the eigenfunctions
In this section we obtain approximations for the solution of (.)-(.). We define two solutions, (t, λ) and (t, λ) of (.)-(.) with the initial conditions
Theorem  Let (t, λ) and (t, λ)be the solutions of (.) satisfying (.) and (.), respectively. Then we find
.
Proof of Theorem  From (.), (.) and (.), we have
Using this equation in (.),
Substituting the values of c  and c  into (.), we evaluate (t, λ) as required. In order to find (t, λ),
From the last two equalities we have
Substituting the values of c  and c  into (.) proves the result and, (ii) if b  = , we obtain similarly from (.), (.) and (.)
Hence from the last two equalities we evaluate
Substituting the values of c  and c  into (.) proves the theorem.
Theorem  Let (t, λ) and (t, λ) be the solutions of (.) satisfying (.) and (.), respectively. Then we find as λ → ∞,
where η(λ) is as in (.).
Proof of Theorem  We evaluate the terms in Theorem  as λ → ∞. Firstly, using (.) and (.) together with the series expansion, we find
From the last equality we have
and from that cos cot
Using t a S(x, λ) dx given by (.) we get
and also, using
Substituting the values of (.), (.) and (.) into (t, λ) as in Theorem  and using trigonometric expansions, we obtain (t, λ) as required. In order to find (t, λ) as λ → ∞: (i) if b  = , using (.) and (.), we obtain
Substituting the values of (.) and (.) into F  (b, λ) as in Theorem (i)), we get
From that
From (.), we find 
